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Abstract
The free n-generator abelian `-group (Fn, P) was characterized by G. Birkhoff as the smallest `-group of real-valued functions
over Rn containing the n identity functions, and closed under the pointwise operations of addition, subtraction, max and min. It
follows that Fn is a subdirect product of integers. Since Fn is countable, by a theorem of Baer and Specker, Fn is a free abelian
group, Fn =⊕i∈N〈χi 〉 for some generators χi . There is no direct description in the literature of those elements n1χ1+· · ·+nkχk
which belong to the monoid P of positive elements of Fn . A simple description is given in this elementary note for the case n = 2.
c© 2006 Elsevier B.V. All rights reserved.
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1. Basic notions and statement of the main result
A lattice-ordered abelian group or, for brevity, an `-group, is an algebra
(G,+,−, 0,∨,∧)
such that (G,+,−, 0) is an abelian group, (G,∨,∧) is a lattice, and for all x, y, z ∈ G one has x + (y ∨ z) =
(x+ y)∨ (x+ z). The set of positive elements P = {x ∈ G | x∨0 = x} forms a monoid, and from the pair (G, P) the
underlying ordering, whence the lattice structure, can be recovered by the stipulation that x ≤ y iff y − x ∈ P . Since
`-groups form an equational class, for any finite set z1, . . . , zn there is an `-group (Fn, P) generated by z1, . . . , zn
having the additional property that, for any arbitrary `-group (G, Q) and map f : zi 7→ gi ∈ G, f can be extended to
a homomorphism f˜ : Fn → G that also preserves the lattice structure. Such (Fn, P) is known as the free n-generator
`-group, and {z1, . . . , zn} is a free generating set. For our characterization of the monoid P of positive elements of
F2, in the next few lines we introduce all the necessary machinery.
A vector 0 6= (x, y) ∈ Z2 is said to be primitive if the integers x and y are relatively prime. We let I be the set of
primitive vectors of Z2, equipped with the lexicographic ordering: (x, y) ≺ (x ′, y′) if either |x | + |y| < |x ′| + |y′| or
|x | + |y| = |x ′| + |y′| and the positively (=counterclockwise) oriented angle from (1, 0) to (x, y) is strictly smaller
than the angle from (1, 0) to (x ′, y′). For any p,q ∈ I , we have either p  q or q  p. Further, any nonempty subset
of I contains a≺-smallest element. The first elements of I are p1 = (1, 0), p2 = (0, 1), p3 = (−1, 0), p4 = (0,−1).
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Proceeding inductively, for each i = 4, 5, 6, . . ., let Vi = {p1, . . . ,pi }. Let p be the ≺-smallest primitive vector in Z2
not belonging to Vi : in other words, among all vectors in Z2 \ Vi , the sum v of the absolute values of the coordinates
of p is the smallest possible, and among all vectors (x, y) ∈ Z2 \ Vi with v = |x | + |y|, the oriented angle from the
positive x-axis to the half-line R≥0 p is the smallest possible. Then pi+1 = p and Vi+1 = Vi ∪ {p}.
When two vectors v and w form a basis in the abelian group Z2, their associated cone σ = 〈v,w〉 = R≥0v+R≥0w
is said to be nonsingular, and the uniquely determined vectors v and w are called the (primitive) generating vectors
of σ . Now fix i = 5, 6, 7, . . .. Among all cones 〈pr ,ps〉 such that r, s < i and pi lies in the interior int〈pr ,ps〉 of
〈pr ,ps〉, there is a smallest cone (with respect to subset inclusion) denoted 〈p[i ,p]i 〉. Let us write p[i = (x[, y[) and





[ − x j y[ if p j ∈ 〈p[i ,pi 〉
x j y
] − y j x] if p j ∈ int〈p]i ,pi 〉
0 otherwise.
(1)
For completeness, we also set [[1, j]] = max(0, x j ), [[2, j]] = max(0, y j ), [[3, j]] = max(0,−x j ), [[4, j]] =
max(0,−y j ), for each j ∈ N.
Theorem 1.1. Let F = ⊕i∈N〈χi 〉 be the free abelian group over the generators χi . Let P ⊆ F be given by the
stipulation
n1χ1 + · · · + nkχk ∈ P i f f ∀ j = 1, . . . , k, 0 ≤ n1[[1, j]] + · · · + nk[[k, j]]. (2)
Then (F, P) is the the free two-generator `-group. A free generating set is given by {χ1 − χ3, χ2 − χ4}.
2. First part of the proof: Schauder hats over nonsingular fans
We refer to [7] for background. All cones in this paper shall be contained in R2. The only 0-dimensional
cone is {0}. The only face of {0} is {0} itself. One-dimensional cones (also known as rays) are sets of the form
〈v〉 = R≥0v = {λv | 0 ≤ λ ∈ R} for some v ∈ I . The two faces of 〈v〉 are 〈v〉 and {0}. For any two-dimensional
cone σ = 〈v,w〉, its four faces are σ,R≥0v,R≥0w and {0}. A complete nonsingular fan in R2 is a finite set ∆ of
nonsingular cones together with their faces covering all of R2, and forming a complex: in other words, any two cones
intersect in a common face. For brevity, throughout this paper, by a fan we shall mean a complete nonsingular fan in
R2.
Lemma 2.1. For each i = 4, 5, 6, . . ., let Vi = {p1, . . . ,pi }. Every cone determined by two contiguous vectors in Vi
is nonsingular, whence Vi is the set of generating vectors of the rays of a (nonsingular complete) fan ∆i .
Proof. By induction. The basis is trivial. For the induction step, let p = pi+1 be the only vector in Vi+1 \ Vi . Then p
lies in the interior of precisely one cone σ = 〈v,w〉 given by two contiguous vectors of Vi . By construction, σ is the
smallest cone 〈pr ,ps〉 with r, s < i + 1 containing p in its interior. Thus v and w must coincide with the vectors p[i+1




Claim. p = p] + p[.
By definition, p is the ≺-smallest primitive vector of Z2 not belonging to Vi . Since p lies in the interior of the
nonsingular cone σ = 〈p[,p]〉, we can write p = ap[ + bp] for uniquely determined integers a > 0 and b > 0. By
definition of lexicographic ordering of I , the sum of the absolute values of the coordinates of p must be as small as
possible, among all primitive vectors not in Vi . Consequently, a and b must be as small as possible. We shall show
that the linear combination of p[ and p] with coefficients a = b = 1 yields a primitive vector. To this purpose, for any
cone τ = 〈a,b〉 ⊆ R2 with generating vectors a = (a1, a2) and b = (b1, b2), let us recall the following equivalent
conditions:
(1) τ is nonsingular;
(2) letting M be the 2× 2 matrix whose rows are a1, a2 and b1, b2, it follows that detM = ±1.
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(See [5, III, 3.5–3.6], or [3, V, 1.10–1.11].) From the nonsingularity of 〈p[,p]〉 we conclude that the vector p]+p[
is primitive. Therefore, p = p] + p[. Our claim is settled.
As a final consequence of the nonsingularity of 〈p[,p]〉, from the claim it follows that both cones 〈p[,p〉 and
〈p,p]〉 are nonsingular. By construction, the two-dimensional cones of ∆i+1 are those of ∆i , except 〈p[,p]〉, which
is replaced by the two cones 〈p[,p〉 and 〈p,p]〉. 
The quadrants of R2 are the cones 〈p1,p2〉, . . . , 〈p4,p1〉.
Lemma 2.2. For each j = 5, 6, 7, . . . ,p j is the sum p j = v + w of two uniquely determined contiguous vectors of
V j−1 lying in the same quadrant of p j . The two sets {v,w} and {p[j ,p]j } coincide.
Proof. From the proof of Lemma 2.1. 
Following [7, 1.26], for each j = 5, 6, 7, . . ., the fan ∆ j is called the star subdivision of ∆ j−1 with respect to
the cone 〈p[j ,p]j 〉. The cones of ∆ j are the same as those of ∆ j−1, except that 〈p[j ,p]j 〉 is replaced by the two cones
〈p[j ,p j 〉 and 〈p j ,p]j 〉, together with their common face R≥0 p j .
Following [7, p. 66], for any fan ∆ a function s:R2 → R is said to be a ∆-linear support function iff s is integer-
valued over Z2 and is homogeneous linear over each cone σ ∈ ∆. We denote by SF(∆) the additive group of all
∆-linear support functions (with natural pointwise ordering). Every ∆-linear support function is continuous.
We shall let∆(1) denote the set of one-dimensional cones in∆. By Lemma 2.1, for each i = 4, 5, 6, . . . ,∆i (1) =
{〈p1〉, . . . , 〈pi 〉}.
Lemma 2.3. For every fan ∆, the group SF(∆) is free abelian of rank equal to the number of elements of ∆(1).
Proof. A direct consequence of the assumed nonsingularity of ∆, [7, page 67]. 
Lemma 2.4. Let ∆ be a fan and v be the generating vector of some ray in ∆(1). It follows that
(1) There exists precisely one ∆-linear support function hv,∆ satisfying the following conditions:
(a) hv,∆(v) = 1;
(b) hv,∆(w) = 0, whenever w is the generating vector of a one-dimensional cone of ∆(1) other than 〈v〉.
The function hv,∆ is said to be the Schauder hat of v in ∆.
(2) Let v1, . . . , vk be the generating vectors of the one-dimensional cones of ∆(1). Then the k-tuple H(∆) of
Schauder hats hv1,∆, . . . , hvk ,∆ is a basis in the free abelian group SF(∆), having the additional property that
every positive (≥0) element of SF(∆) is a linear combination of Schauder hats with positive coefficients.
Proof. Again, a well-known consequence of the nonsingularity of ∆. See [6, 2.3–2.4] for details. 
3. A basis for S =⋃i≥4 SF(∆i )
As shown in Lemma 2.1, for each i = 4, 5, 6, . . . the set Vi = {p1, . . . ,pi } determines a fan ∆i with i rays
〈p1〉, . . . , 〈pi 〉. By Lemma 2.4(2), the set of Schauder hats H(∆i ) does provide a basis for SF(∆i ), but the union H
of allH(∆i ) is not a basis for the union S of the SF(∆i ). This is so because, e.g., already inH(∆4)∪H(∆5) we have
the dependence h(1,1),∆5 + h(1,0),∆5 = h(1,0),∆4 .
More generally, we have:
Lemma 3.1. For each j = 5, 6, . . ., let ∆ j be the star subdivision of ∆ j−1 with respect to the cone 〈p[j ,p]j 〉. Then
H(∆ j ) is obtained from H(∆ j−1) by removing the two hats h′ = hp]j ,∆ j−1 and h
′′ = hp[j ,∆ j−1 , and replacing them
by the three hats hˆ = h′ ∧ h′′, h′ − hˆ and h′′ − hˆ. We then have
hp j ,∆ j = hˆ, hp]j ,∆ j = h
′ − hˆ, hp[j ,∆ j = h
′′ − hˆ (3)
and hq,∆ j = hq,∆ j−1 for any q ∈ V j \ {p j ,p[j ,p]j } (such q automatically being a member of V j−1). Further, letting
supp( f ) = {x ∈ dom( f ) | f > 0} we have
supp(hˆ) = supp(h′) ∩ supp(h′′) = int〈p[j ,p]j 〉. (4)
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Proof. The nonsingularity of 〈p[j ,p]j 〉 (Lemmas 2.1 and 2.2) is necessary and sufficient to ensure that the plane
ax + by + cz = 0 in R3 passing through the three points (0, 0, 0), (p[j , 1), (p]j , 0) has integer coefficients a, b, c. The
same holds true for the plane a′x + b′y+ c′z = 0 passing through (0, 0, 0), (p[j , 0), (p]j , 1). The two faces (other than
the plane z = 0) of the graph of the Schauder hat hp j ,∆ j of p j in ∆ j lie on these two planes. Recalling (Lemma 2.2)
that p j = (x j , y j ) is the sum of p[j and p]j , direct inspection shows that the intersection of these two planes is the line
through the two points (0, 0, 0) and (x j , y j , 1). The definition of star subdivision, together with Lemma 2.4(1), is to
the effect that hp j ,∆ j = hp]j ,∆ j−1∧hp[j ,∆ j−1 and hp]j ,∆ j = hp]j ,∆ j−1−hp j ,∆ j . Similarly, hp[j ,∆ j = hp[j ,∆ j−1−hp j ,∆ j .
This settles (3).
Outside the cone 〈p[j ,p]j 〉, the Schauder hat hp j ,∆ j vanishes. Its support therefore coincides with the interior of the
cone 〈p[j ,p]j 〉. Similarly, the support of h′ (resp., the support of h′′) has the form int〈a,p[j 〉 (resp., int〈p]j ,b〉) for some
a 6∈ 〈p]j ,b〉 and b 6∈ 〈p[j , a〉, with b and p[j contiguous in V j−1, and a and p]j contiguous in V j−1. The support of hˆ is
the intersection of these two supports, and the proof of (4) is complete. 
We now revert to our task of constructing a basis for S. This is given by a selection of certain Schauder hats in H,
according to the following
Main Construction: Let pi1 and pi2 be the projection (= identity = coordinate) functions over R2. Thus pi1(x, y) =
x and pi2(x, y) = y. With reference to Lemmas 2.4 and 3.1, we define the following sequence of real-valued functions
over R2:
b1 = hp1,∆4 = 0 ∨ pi1
b2 = hp2,∆4 = 0 ∨ pi2
b3 = hp3,∆4 = 0 ∨−pi1
b4 = hp4,∆4 = 0 ∨−pi2
b j = hp j ,∆ j = hp[j ,∆ j−1 ∧ hp]j ,∆ j−1 for each j = 5, 6, 7, . . . .
(5)
For each i = 4, 5, 6, . . ., we also let Bi = (b1, . . . , bi ) and B =⋃i Bi .
Recalling Lemma 2.3, we first prove:
Lemma 3.2. For each i = 4, 5, 6, . . . ,Bi is a basis for the free abelian group SF(∆i ). Further, B is a basis for
S = ⋃i≥4 SF(∆i ), and the map χ j 7→ b j uniquely extends to an isomorphism ι of the free abelian group⊕ j∈N〈χ j 〉
onto S.
Proof. Trivially, B4 is a basis for SF(∆4). Proceeding inductively, suppose that Bi is a basis for SF(∆i ), with the
intent of showing that Bi+1 is a basis for SF(∆i+1). By Lemma 3.1, the only element bi+1 of Bi+1 \ Bi , satisfies




i+1 are in Vi . We next observe that, since Bi is contained in
Hi , all its members are linear over the cone 〈p[i+1,p]i+1〉 of ∆i ; but this is not the case for bi+1. Since, by induction
hypothesis, Bi is an independent set, then so is Bi+1.
We now show that every element f of SF(∆i+1) is a linear combination of elements of Bi+1. By Lemma 2.4, it
is sufficient to deal with the case when f is a Schauder hat in ∆i+1. Let us write h[ instead of hp[i+1,∆i − bi+1, and
h] instead of hp]i+1,∆i
− bi+1. By Lemma 3.1, both h[ and h] belong toHi+1. By induction hypothesis, both hp[i+1,∆i
and hp]i+1,∆i
are linearly spanned by elements of Bi , because they are linear over each cone of∆i . It follows that both
Schauder hats h[ and h] are expressible as a linear combination of elements of Bi+1. As explained in Lemma 3.1,
the Schauder basis of H(∆i+1) differs from H(∆i ) only in that the three elements h[, h], bi+1 replace hp[i+1,∆i and
hp]i+1,∆i
. Therefore, f is spanned by Bi+1, as required. The rest is clear. 
In particular, recalling (5), we have:
Lemma 3.3. The isomorphism ι:
⊕
j∈N〈χ j 〉 → S maps the element χ1 − χ3 into the projection function pi1, and the
element χ2 − χ4 into pi2.
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4. End of proof
Lemma 4.1. [[i, j]] = bi (p j ) for each i, j ∈ N.
Proof. For 1 ≤ i ≤ 4, one verifies [[i, j]] = bi (p j ) by direct inspection. As shown in Lemma 3.1, for each
i = 5, 6, 7, . . . we have the identity supp(bi ) = int〈p[i ,p]i 〉, and over the cone 〈p[i ,pi 〉 the hat bi is linear. In the
case p j ∈ 〈p[i ,pi 〉, we can equivalently rewrite the first line of (1) as follows:
[[i, j]] = λ if p j = λpi + µp[i .
By linearity, the value bi (p j ) is the same combination of 1 = bi (pi ) and 0 = bi (p[i ) as p j is of pi and p[i . This yields
the desired identity [[i, j]] = bi (p j ) for the present case. One similarly proves the identity in the case p j ∈ int〈p]i ,pi 〉,
looking at the second line of (1). Finally, if p j 6∈ 〈p[i ,p]i 〉, the value of bi at p j is zero, and looking at the third line of
(1) we conclude that the identity [[i, j]] = bi (p j ) is satisfied in all possible cases. 
Lemma 4.2. The map ι sends P one–one onto the monoid S+ of those functions f ∈ S such that f (x) ≥ 0 for all
x ∈ R2.
Proof. In the light of Lemma 3.2, we must show that condition (2) for the positivity of n1χ1+· · ·+nkχk is necessary
and sufficient for the corresponding linear combination g = n1b1+· · ·+nkbk to be≥ 0 overR2. Since Bk ⊆ SF(∆k),
it is enough to evaluate g at the test points p1, . . . ,pk ∈ Vk , i.e., the generating vectors of all cones of ∆k . Given any
such p j and a function bi ∈ Bk , the value bi (p j ) is equal to [[i, j]], by Lemma 4.1. We conclude that g ≥ 0 iff
n1χ1 + · · · + nkχk ∈ P . This completes the proof of the lemma. 
In preparation of the final Lemma 4.3, we introduce the last piece of terminology. We recall that a 2-variable
homogeneous linear polynomial with integer coefficients is a function l:R2 → R of the form l(x, y) = ax + by, with
a, b ∈ Z. More generally, a function f :R2 → R is said to be an origami1 iff it is continuous and there is a finite set
{l1, . . . , lq} of 2-variable homogeneous linear polynomials with integer coefficients such that, for every x ∈ R2, there
is an index i ∈ {1, . . . , q} satisfying f (x) = li (x). The origami functions, equipped with the pointwise operations,
form an `-subgroup (O,O+) of the `-group RR2 of all functions from R2 to R.
Lemma 4.3. (S,S+) is the free `-group over the free generating set {pi1, pi2}.
Proof. Let Cn be the `-group of all continuous functions from Rn to R, with pointwise operations. From an old
elementary result proved by G. Birkhoff in the early 1940s (essentially, [2, XV, Section 5, Theorem 7, p. 355]), one
sees that the `-subgroup of Cn generated by the projections pii , (i = 1, . . . , n) is the free `-group over n generators.
Further, {pi1, . . . , pin} is a free generating set. Let (C, C+) ⊆ C2 denote the free `-group over 2-generators, with C+
the monoid of its positive elements. Direct inspection of (5) shows that (S,S+) is an `-subgroup of (C, C+), and
that (C, C+) is an `-subgroup of the `-group (O,O+) of origami functions. To conclude the proof, there remains
to be proved that (O,O+) is an `-subgroup of (S,S+). Let f ∈ O. Let {l1, . . . , lq} be the linear pieces of f . For
each permutation pi of the index set {1, . . . , q}, the set {x ∈ R2 | lpi(1)(x) ≤ · · · ≤ lpi(q)(x)} is a cone in R2. We
then have finitely many two-dimensional cones σ1, . . . , σu whose union is R2, such that f is linear over each σi .
These σi determine a (possibly singular) fan ∆. However, every singular cone σ can be (canonically) subdivided into
finitely many nonsingular cones, using the (Hirzebruch–Jung) procedure of [7, Proposition 1.19]. Thus, without loss
of generality, we can assume ∆ to be nonsingular. We can also assume that the rays generated by p1, . . . ,p4 are
members of∆(1). Among all generators of the rays of∆(1), let pk be the≺-largest one. Then direct inspection shows
that every cone of ∆ is a union of cones of ∆k . It follows that f ∈ SF(∆k), whence f ∈ S, as required. 
Lemmas 3.2, 3.3, 4.2 and 4.3 are all we need to prove Theorem 1.1.
As a corollary, without using the Baer–Specker theorem [4, III, 19.2] we have obtained a new and completely
elementary proof that the underlying group of the free `-group (F, P) over 2-generators is a free abelian group.
Further, without using the Baker–Beynon theory [1] we have proved that (F, P) is the `-group of all origami function.
Birkhoff’s stated result only yields that (F, P) is an `-group of origami functions.
1 Usually gratified in the literature with the appellative “2-variable continuous piecewise linear homogeneous with integer coefficients”.
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5. Final remarks
Consider the following problem:
INPUT: a k-tuple of integers n1, . . . , nk ;
QUESTION: does the element n1χ1 + · · · + nkχk ∈ F belong to the monoid P of positive elements of the free
`-group (F, P)?
Corollary 5.1. The problem above is Turing decidable.
Proof. Direct inspection of the proof of the main theorem. 
Remark. Using the Baer–Specker theorem together with the Baker–Beynon theory [1, Theorem 3.1], one obtains that
the underlying abelian group G of every finitely generated projective `-group (G,G+) is free. So, one can naturally
pose the problem of giving a direct description of the monoid G+, generalizing what has been done in this paper for
the free `-group over 2-generators. This is feasible, in principle, using Schauder hats over nonsingular fans supported
by complexes of cones in higher dimensions: the lexicographic ordering≺ of primitive vectors in Z2 must be replaced
by a sequence of star subdivisions of the kind used in [6, pp. 1938–1939]. Introducing all these notions will require
more than three or four dozen lines, and the simplicity of (1) will be lost.
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